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ON THE UPPER AND LOWER CLASSES FOR STAT-
IONARY GAUSSIAN RANDOM FIELDS ON ABELIAN
GROUPS WITH A REGULARLY VARYING ENTROPY!

By J. M. F. ALBIN

Center for Stochastic Processes and University of Lund

We give a complete and relatively explicit characterization of the upper
and lower classes for a general stationary Gaussian random tield.

1. Introduction. We shall assume that our probability space ({2, F, P)
is complete and that {£(t)}:er is an R-valued separable stochastically
continuous standardized Gaussian random field on a pseudo-metric un-
bounded space (T, p) equipped with an abelian group-operation + such
that the covariance r(s,t) = E{{(s)é(t)} satisfies r(s+u,t+u) = r(s,t)
for s,t,u € T and whose bounded subsets are totally bounded in the
cannonical pseudo-metric d(s,t)=[E{(£(t)—£(s))?}]}/2. We also define
the entropy Ns(e) as the minimum number of closed d-balls O, of radius
¢ needed to cover SCT and Mg(¢) as the largest n for which there exist
t1,...,tn € S satisfying d(ti,t;) > ¢ for each i # j, and we write Po{S}
= sup{P{B}: S2Be F}, P°{S} =inf{P{B}: SCBe€ F}, & for the
standard Gaussian d.f., 8=1-&, 0-00=0, S,(t,e) = {s€T : p(s,t)<e},
S(t,e) = {s€T :d(s,t)<e} and o(t,e) = sup{0Vr(s,t) : s€e T-S,(t,¢)}.

In view of recent tight tail-estimates for local suprema (over d-compact
sets) of general Gaussian random fields (cf. e.g., {1], [2], [3], [16] and
[21]), it seems motivated to study also the global behaviour of suprema.
Here the only tractable approach seems to be upper and lower classes:

Let ¥ be the class of functions ¢ : T — [—o00, 00]. Provided that o(¢, A)
—0 not too slowly as A — oo we prove a zero-one law for the sets

E(p) ={we R : the set {t€T:£(w;t)>(t)} is p-unbounded}, Y €V,

We also give an explicit characterization of when the different values for
P{E(y)} occur, i.e., we determine the upper and lower classes for £(t).
Related work are e.g., 5], [6], [10], [13], [14], [15], [17], [19] and [20].

2. Main result. Our main result is the following theorem.

THEOREM 1. Assume that there exists an R€ (0, v/2) such that
(2.1) lim, ;o No,(ze)/Nogy(e) < 0o  for some z€(0,1),

'Supported by Air Force Office of Scientific Research Contract No. F49620 85C
0144 and by Kungliga Fysiografiska Sillskapet.
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and such that to each C >0 and s €T there exists an increasing sequence
{0s(n)}3%0, with 0,(0)=0 and lim, s 0s(n)=o00 for s€T, satisfying

(2.2) sup ) N5, (s,00(n1)) (R) exp{—=C/0(s, 04(n)) } < 0.
3€T {n>0:0(s,0.(n))>0}

Then E(y)€F with P{E(vy)} zero or one for each ¢ €¥ and moreover
(2.3) P{E(4$)}=0 'Z:INO,"((lVtiensf"zﬁ(t))—l)g(lVtiensfnzb(t)) < o0

for some covering Sp=S(tn,tn), n=1,2,..., of T withr, <R for all n.

REMARK 1. Note that, by (2.2), given € >0 and to € T, r(¢,t5) <¢ for
p(t,to) > k and & large, which yields S(to, \/2(1—¢)) C S,(%0, k). Thus
Os is d-totally bounded for 6§ < /2 so that (2.1) makes sense and each
covering {S(tn,7n)} of T with r, <R is infinite.

PROOF: We have, for e <6< R/3, (since Ns(e) < Ms(e) < Ns(e/2)),

Non/a+s+¢ (e/2) < Non(a/z)
Mog5(26+2¢) = Nog(46)/Nogp(R/3)’

and this inequality trivially extends to € <6 < R. Writing [ for the smal-
less integer having 27! >86/¢c and K; = sup,sq Nog(z€)/Nog(€) (< oo
by (2.1)), we readily get K} < K;(86/¢)~ 18 K1/108z and thus

(2.4) Mo,(€) < No,(£/2) < Nox(R/3) [Iichy Nog (46541 )/No, (462*)
< K1NoL(R/3)(86 /)" 08 K1/108= f5r ¢ <§< R.

Now, by (2.4), Tim, 10 log log Nog(€)/ log(1/¢) = 0 50 {€(t)}icop has
an a.s. bounded version; cf. [7], [8] and [18)]. Since N, (¢,,5)(R) < oo for
% €T, 6>0, p-separability yields that {£(2)}ees, (1o,6) is a.s. bounded so

2
- E{supies, (10,6§(t) } < 2E{(supes, (10,5)£(t))" } < o
cf. [8], [9] and [11]. Since £(t) is stochastically continuous we get

d(t,t0)® < €+ [ (E(t)=E(t0))dP < €2 +4 [ supes, (to.5)E(t)?dP — &2

as p(t,tg) =0, where G, = {we 2 : [{(w;t)—E(w;tg)|>€}, so d(t, 1) —0
as p(t,tg) —0. Hence d-opens are p-open and so {£(¢)}¢er is d-separable.
In view of £(¢):s (trivial) d-stochastic continuity it follows readily that
any countable d-dense subset of O, is a separator for {{(t)}¢e0, -

Take ap = min{(1-z'/2)1/2/4, R/2} and t € T, let Cy = {t} and let
C, be a (a/u)z™-net in S(¢,a/u) with d(s;,s;) > (a/u)z™ for C, 3 sy #
32 € Cn, 50 #Cn < Mo, ,,((a/u)z™). Write pp =(1—2!/2)z(n=1/2 and
C =U2,Cr and choose t,(s) € Cp with d(t,(s),s) <(a/u)z" for s€C.

Mo,(e) < No,(e/2) £

2




Then £(s) = £(8)+ 30, [€(tn(5))=E(tn—1(s))] for some N for each s€C.
Adapting [4, the proof of Theorem 6] to the present context we get

{€(s)>u+1/u, £(t)<u}
gﬂgl{s(tn(s))_f(tn—l(s)) >pn/u1 E(tn(s)) >ua §(tn—1(3)) Su'*"]'/u}

Thus, since d(t,(s),tn-1(s)) < d(ta(s), 8)+d(s,tn-1(s)) < 2(a/u)z(*=V),
(25) P{Supae.S'(t,a/u) 6(3) >u+1/u’ f(t) < ‘ll.}

= P{U,ec {€(s)>u+1/u}, £(t) <u}
<y ¥
n=1 81€ECn_1 32€C,NS(s1,2(a/u)zn-1)
P{&(s2)—€(s1) > pn/u, &(s2)>u, (s1) Su+1/u}.

Now take a € (0,a0] and u > 1 so that r(s;,s;) = 1—d(s;,92)%/2 >
1-2(a/u)® > 1/2 for d(s1,sz) < 2(a/u)z™~!, which yields

1 _ s _d_(il"s_2)2 s w)2z2(n=Doy, "
(Torrsyy ~ DE00) = Gy €lon) S 4a/us ™ Du < paf(2w)

for £(s1)<u+1/u. Hence we have, for d(s;,s;) < 2(a/u)z"!,
(2.6) P{E(s‘)—§(31)>pn/u, &(s2)>u, {(sl)§u+1/u}
< P{&(s2)—r(s1,32) 7 €(s1) > pn/(2u), €(s2)>u}

—_ \/57'(31,32)17"/(2u) 1—z1/2 .
B Q(\/md(sl,sz))w < Q(—Sax(,,_l, ,2)2( )

Combining (2.4)-(2.6) we conclude that, uniformly for u>1, as a | 0,
(27) Q(u)—lp{supsGS(t,a/u) 6(8) > u+1/u1 E(t) < u}

= n-— n 1—$1/2
< nglMO./..((a/u)f WMo, ., . .n-1 ((a/0)z )Q(W)

2 2 o —-ny—log K, /log z 1—g!/2
< KiNo,(R/3)" 55 (12827) 8 1/ Q(m)=0(a)-

Arguing as for (2.5) for n4(s) = 2u+1/u—£(s) we deduce for future
use that, by (2.4), (2.6) and symmetry, uniformly for u>1, as a |0,

(28) Q(u)_lp{inf-sES(t,a/u) 6(3)<ua E(t)2u+1/u}
= Q(u)—lp{supsGS(t,a/u) 'Iu(s) >u+1/u» ﬂu(t) Su}

3




<Pw) 'Y T

n=1 81 €Cpr.1 926C,NS(s1,2(afu)z""1)

P{Tlu(32)—flu(31)>l’n/ua nu(s2)>u, nu(31)3u+1/u}

O >

n=1 9, €Cn-1 $26C,NS(s1,2(afu)z""1)
P{{(sl)—ﬁ(sz) >pa/u, £(81)2u, &(s2) <u+1/u} = o(a).
In order to proceed we observe that, by (2.4), for a<1 and 6§ <R,
No,(ae)/No,(¢)<No,(ag) K1 No,(R/3)(8/a)~ 18 Ki/losz <R,
{Noé(ae) < Non(aR)< K\ No,(R/3)(8/a)~ '8 K1/ 182N (&), > R.
Further u—-2/u=u42> -;-u >1 for u>2, so that 4+1/a2 <u, and &(i) <
14(i) < Ze?¢(u) < §e?P(u), where $(u)=(2m)"1/% exp{—u?2}. Now
P{sup,es(t,a/u) £(8) > u+1/u,§(t) < u} < S(u) for u>1
for some sufficiently small a € (0, aq] (cf. (2.7)). Hence we conclude

P{ sup £(s) > u} <No(a/u)[P{ _sup &(s)>u,6(t) <} +P{e(t)> )]

Yol s€ES(t,a/u)

< N06(a/U)[P{s€;(lt1,€/ﬁ)€(S) >ia+1/4,6(t) Sft} + Q(ﬁ)]

< B e’KiNoa(R/3)(8/a) ™18 K1/ 182 No, (1/u) &(u)

for u>2, §<R, so, with Ky = 13—6ezKlN(')‘.,(R/3)(8/a)‘l°g Ki/logz/g(2),

(2.9) P{ sup {(s)>u} < K3 No,(1/(1vu))$(1Vu) for 6<R and all u.
s€0;

Assume that the sum (2.3) is finite for a covering {S,} = {S(tn,7n)}
of T with r, <R. Taking m = sup{p(t;,t,) : 1 <n<J} where

Yome s No., (1 Vinfees, ¥(t))™") (1 Vinfres, ¥(t)) < e/Ka,
completeness yields that E(y)€F with P{E(¥)} =0 since, by (2.9),
P°{E(y)} < P°{&(t) > 9(t), for some t € T with p(t;,t)>m+ R}
< P{U{n;p(h,tnpm}{f(t)>infaes,. 1(s), for some t€ S, }}

< Ky 2 No., ((1v jaf wt) )2 (1 v nf 910)) <

Write Y ({Sn}; ¢) for the sum (2.3) and assume that 3 _({Sa}; %)=
oo for each covering S, =S(tp,rn), n=1,2,..., of T with r, <R.

4




Taking to €T and 2<u; <up <... with P{SuPtes,(to,n) E(t)>un} <
n~2 (recall that {£(t)}:es,(to,n) is a.s. bounded), the function ¢*(t)=u,
for t€ S,(to,1) and Y*(t)=u, for t€ S,(to,n)—Sp(to,n—1), n>2, has

P°{E($*)} < limp_co P°{£(t)>%*(t), for some t €T —S,(to,n)} = 0.

Clearly Po{AUB} < P°{A}+P.{B} so that Po{E($¥Ap*)} = Po{E(¥)
UE(¥*)} < P,{E(¢¥)} and so, by completeness, it suffices to prove that

(2.10) p(t) = (Y()AP*())V2 has PfE(p)} = 1.
Take a (p/u)-net {s;}%, in Os with d(s;,s;)>p/u for si#s;. Since
(2.11) Mo,uups(P/1)=Mo,u (s ((26) A(p/ 1))
SKlNoR(R/3)(8%;%)—IOS Ki/log z
<K;No(R/3)(8k)" 18 F1/18= for §<R k>1
(again using (2.4)), and since, by arguing as for [5, Eq. 2.16], for z,y >0,
(212)  P{e(s)>3, () >y} < B(3d(s, t)z) E(y) + B(1d(s, t)y) &(c)
for all values of r(s,t) (although [5] only treat 0<r(s,t)<1), we obtain
S PLEGs) > u, &(s5) > u}

n (26u/p) .
<29(u) > B(3d(si,85)u)
=1 k=1 {1<j<nikp/u<d(s:,8;)<(k+1)p/u)

Lng(u)

< 20 @(w)K1 Noa(R/3) 3 (8(k+1) 71 K1/1%8* 2 (k) <
for u>0, 6§ <R and for some p>1 (not depending on §). Since, by (2.4),
Noy(1/u) £ Nosayu (6A(1/u))No(§A(p/u))
< K1Non(R/3)(8p) "o K1/l82y  for §<R

we conclude, taking K3 =1K['No,(R/3)~!(8p)lo8 K1/logz,
(2.13) P{sup,eo,£(t)>u} > P{sup;;c, £(si)>u}

>n@(u) = 3,4, P{&(si) >u, &(s;)>u}

> K3No,(1/u)®(u) for u>0 and §<R.

Now, combining (2.9) and (2.13) we get, for each choice of {S,},

(2.14) K, 5({Sn}i0) > ip{fgg“t)iie"sff(‘)}

)




> 3. P{supt(t) > inf y()h9 (O} P{ sup (1) >2]
> Ka 8(2) T({5a}i9) = oo.

Let ry = sup{r>0: rinf,eg,r ¢(s) <a} for a€(0,1], t€T, so that
a/y*(t) <ry < a/2. Taking 6; Tr, with &z inf,eg(s,6,) P(8) < a we get

a/(infses(e,r) ©(5)) 2 lim a/(infsesr,s) p(s)) 2 lim x=ry,
(218) . L >
a/(infses(2,r,) P(3)) Slelﬁ)l a/(inf,e5(t,r,+e) P(3)) Slelgl rete=ry.

Ordering S = {ACT : A>s#t€ A= d(s,t) > r,Ar,} partially by
A<B & ACB, achain {4,}CS has upper bound U{A,} so that, by
Zorn’s Lemma, S has a maximal element C. Here C:s maximality readily
yields Ugec S¢ =T, where Sy = S(¢,r¢). Further, since #CNS,(to,n) <
Mg, (1o,n)(a/tn) <o, we have #C <Ry and, by (2.14), 3 ({S:};¥)=c0.
Writing ¢¢ =inf,es, ¢(s) we therefore obtain, by (2.4) and (2.15),

8/a ‘og Ky [/ logz

(216)  Tiee Blwe) 2 Y —rmr Leee Vs (are) Blpe) = co.

Now let o} =@i+1/0s, Ji = {w€ R : E(wit) >}, infees, E(w; s) 24}
and CN = {teC: m<p(ty,t)< N}. Letting I, “indicate” J, we get

(2.17) Po{E(p)} = Po{ ﬁ U U {é(w;s)>p(s), for some sESt}}

m=]1 N=m tEC')"{

2 P{morjl Nil_jm{z:ec,';’, I >0}}
. 5 el 5 /({5 00) ]

m—00 N—o0 tecN tecy
where we used Holder’s inequality as in [5]. Now write
ot =P{E(s)> ], E(t) >0} =P{&(s) > }P{£(t) > i} for s,teC
and note that, by arguing as above, $(p7) > 2e72@(y,) so that, by (2.8),
E{I.}= 8(¢1)-P{£(t) >¢;, infses, £(5) <wi} 2 e 2 S(p1) for teC
and a <ay, for some a; € (0, R} (not depending on t). Since, by (2.8),

Var{ ieen It} < T [u.,:+22(w§)P{€(t)><P¥, inf,es, 6(v)<¢t}]

stech

= Zs,tecg Pt + 0(‘1)(Ztecg Q(‘P:))z

(see also [5]), (2.16) and (2.17) combines to show that it suffices to prove

6




(218) lim,, .

oo n—mN—‘oo(Es,tEC,’:" ﬂS,‘)/(EtECﬁ Q(¢‘))2 <0 for asa.

Now, given an integer k> 1, partition CN¥ xCY into

mN—{(St

Cm ~ = {(s,t):
) d(s,8)> R, r(s,8) > k= (02 + (0?1},
Cln={(st):
j C4 N= {(s t):

Co N = = {(s,1):
\Cm’N = {(s,t):

d(s,t)>R, 0<r(s,t) <k~ (p3)* +(!)?] 7},

0<d(s,t)<R, r(3,t)>0, 305 <p: <2, },
0<d(s,t)<R,r(s,t)>0, p:>2¢, or cp,>2(,ot},
d(s,t)>0, r(s,t) <0},

s=t}.

Arguing as for [5, Eq. 2.12] we then readily get

(2.19) pg¢ < el/(zk)¢(¢:)¢(%) 16 e!/0) P(p,) B( 04
T V2Rkele; 9VeRk

Further we have, by arguing as for [5, Eq. 2.13],
vad(ps) R?(p;)’
f R 7P 8

Observing that z exp{—Cz%} <(2C)~!/2 and taking g corresponding to
C = R?/(48k) in (2.2) we thus obtain, by (2.4) and (2.15), for s€CL,

) for (s,t)eCr’y

a,t =

} for ¢; >, and d(s,t)>R.

2

{tech: (s,)eCk

445(<p i

i

Mt
2er)

2

(=2 n=0 {teCN:t<or<t+1,0,(mM<p(9.)<p,(n+1),r(s,8)>0}

x KiNon(R/3) S (8R(¢+1)/a)~ 81/ 108 exp{—

2

{n20: 0(s,0.(n))>0}

. R(p
oo

2

ool -srrn

Mg, (s 0 (n+1))(a/(€+ 1))

<on{- ) e

NS,(s,q.(n+l))(R) exp{—

20:0(s,0,(n))20}

R?¢?
24 }

(=2
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Since Ztecz," &(vt) < N, (to,m)(a/um)®(um) < oo so that, by (2.16),
limy_ oo Etec{;’, @(¢) = oo, we readily deduce, by (2.2) and symmetry,

(2.20) l—i-rp—N—’oo(z(s,t)EC;"N “3-')/(ZteC{;’, Q(Sot))2 =0 for a<a.

Clearly we have, by (2.12) and (2.15), for s€CY,

Z Hs t

{tech: (s,)ECS N vt 204)

o0
< 2
=1 {teC'Nn.ta/(2¢‘)<d(,'t)SR/\((l+l)d/(2¢0))' vtSQ‘Pl}
28(¢,) B(3d(s, t)ps)
< 28(p) S M (a/(224)) & 4a).
(.P 05/\(([-{»1)0/(7&0‘)) (p
=1

and using (2.11) and symmetry we thus get (since ) ..~ $(pt) — o0)

(2'21) liEN—*oo(Z:(s.t)ec;:"',\, “-’»‘)/(Etec,’:" Q(SO!))2 =0 for a<a;.

Further we have, for s €CYN, by [12, Theorem 4.2.1] and using (2.4),
2.15) and the facts that v, >2 and that zf exp{—Cz2?} <(5/(2C))?/?,
®

Z Hst

{teCh: (s, 0€CY o\ 0 >20,)

o0

s 3

=2 {tECN Ly, <o <(t4+1)p,,1(s,6)>0,0<d(s,t) <R)
r(s,t) { (cp:)2+(<p:)2}
V2 d(s,t)\/1+7(s,t) 2(14r(s,t))

00 2 2
<3 5t Moo I+ g exp - D22
=

V2ra

—~ 4K, No,(R/3)(€+1)p? (62 —1)p?

<2 Z al log Ki/logz C°P1 7 4
t=2 3vTa(8R(€+1)p,/a)

1-log K [ log 22

— NOR(R/3)( - logz ) 2
o —(0*-3)},
= #lee ; 6V/TR(8R(¢+1)/a)'"8 /1827 {9

and using symmetry we thus get (again since ), .~ $(pt) — 00)

8




(2-22) li_rn.N-ugo(Z(a,t)EC:"N ﬂs.!)/(decle Q(‘Pc))z =0 for a<a,.

Finally, oy [12, Theorem 4.2.1], p,,¢ <0 for r(s,¢) <0, s#¢, so that

(2.23) li_mN_.oo(E(,,g)ec;'N l‘s,t)/(z:tec,f;" Q(‘Pt))z <0 for a<a,

and moreover

”l
(2.24) lim Lisees bt !

o = lim =————— =0 for a<a,.
N=oo (Ztecg‘ gf(‘Pc))2 N—oo Z;ecﬁ P(p¢)

Combining (2.19)-(2.24) we see that (given a < a;) the left hand side
of (2.18) is at most O(1/k), and so (2.18) follows from sending k1 co.

COROLLARY 1. Assume the hypothesis of Theorem 1 and that d is a
metric and (T, d) locally compact. Then there exists an invariant (w.r.t.
+) Haar-measure p on (T, d):s Borel-sets with (0s) < oo for §€ (0, v/2).
If further X is any version of this Haar-measure, then P{E(y)} =0 i.f.f.

(2.25) é [142(0-) Noa((1 vtiensgntp(t))“)] 2(1 Vtiensfnzj)(t)) < o

for some covering S, =S5(tn,rn), n=1,2,..., of T withr, <R for all n.

PROOF: An easy argument yields d-continuity for (s,t) —t—s so that
(T,d,+) is a locally compact (Hausdorff) topological group and u exists
and is finite on compacts, where, by Remark 1 and local compactness,
Os is compact for § < /2. Now observe that, by arguing as for (2.4),

K1 Noa(R/37Noa(€) _ . KiNow(R/3)’A(Os)Noa(e)
39log Kx/logzNoR((S) - 32log Kl/logx/\(oR)

for e >0 and 6 < R, and so the sum (2.3) is finite when (2.25) holds.
Conversly (2.25) holds when the sum (2.3) is finite since, for § <R,

N R
—NZ,((;) < Nog(R/2)Mo;((R/2)A(26))Nog )2y ae) (6)
< R’l NOR(R/3)N0R(R/2)/\(OR) < I\"l NOR(R/3)2 /\(OR)2

= 168 Ki/1o82A(Opsayas) T 1608 Ki/1o8ZA(Op g )A(O5)

No,(e) <1+

1+

The following local result improves on [16] and [21] (but note that
they also treat non-stationary fields); we leave to the reader to find what
conditions in Section 1 one can omit without violating it’s conclusion.

COROLLARY 2. Assume that there exists an R€ (0, v/2) such that (2.1)
holds. Then there exist constants Cy,C7€(0,00) such that
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P{sup,cp, £(t)>u}
= oy (V1) 2u) =

If in addition d is a metric, (T,d) is locally compact and X is a version of
the Haar-measure, then there exist constants Cy,C, € (0, 00) such that

C P{qupleoof(t)>u}
'S TTA(On)Noy (1Va)-1)] ()

For homogeneous spaces which in a certain sense are finite-dimensional
we have the following very simple criterion for (2.2) to hold.

<C; for wveR and §€[0, R).

<C; for ueR and 6€(0, ).

PROPOSITION 1. If p(s+u,t+u)=p(s,t) for s,t,u€T and if there exists
a function f:R — R such that, writing B, for an open p-ball of radius ¢,

(2.26) 1< lim M < lim w
A—oo NBA(R) A—o0 ]VBA(R)

then (2.2) holds if o(e) = sup{0Vr(s,t) : p(s,t)>¢} satisfies
27) limp—oo0(A)log Ng,(R) = 0.

PROOF: Takee,y, A>0 with 1+¢ < Ng, . (R)/Np,(R) < yforr>A
and let p(0)=0, o(1)=A and g(n+1)=p(n)+ f(o(n)) for n>1, so that

ijv(nH)(R)/NBo(l)(R) t INB (k+1)(R /NB (:.) R) > (1+E)" — 0

< 00,

as n — 00, which yields limp_.o g(n)=o00. Taking ng such that o(p(n))
x log Np_ . (R) < C/2 for n>ng we now readily obtain

SUPLeT 2 (n>0: a(s.0(n))>0) NS, (s.0tnt1)(R) exp{--C/a (s, 0(n))}
S Enli Vo, (R) + 32021, N8,y (R) exp{~2log N, (R)}
< Xnli Vo (R) + 202, y e, (R) 7 (146) 7" < co.
3. The Euclidian case. Theorem 2 sharpens [10] and [15]: They need
a stronger condition than (3.1) and only treat (and crucially need) y(t) =

(|t]) with 9 [0, 00) — [0, 00) increasing (a meaningless notion on general
space), which makes (3.3) an integraltest and proofs totally different.

THEOREM 2. If {€(t)}enn is separable stationary standard Gaussian, if
(3.1) lim|,_,|_.,_,°(0Vr(s. t)) log|t—s| =0,
and if there exist constants a,8,Cy,C3 € (0, 00) such that

(3.2)  Cilt=s" < 1-r(s,t) < Calt—=s|* for 0<|t—s| <6,
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then E(y)€F with P{E(y)} zero or one for each 1) € ¥ and moreover,
writing A for the Lebesgue measure over R*, we have P{E(y)} =0 i.f.{.

(3.3) 2 [1+20..) (1 v inf zp(t))zn/a] (. int v ) <

for some covering Sp,=5(tn,7n), n=1,2,..., of T withr, <1 for all n.

ProoF: Here (T,p,+)=(R",|:|,+) and R=1. Take A>0 with (0, ¢)
< 3 for |t|> A and suppose |t|-40 as d(0,t)— 0. Then inf{d(0,t) : |t|>
o} = 0 for some g€ (0, 4], and picking s with |s| > and d(0, s) < 7% we
get d(O,([%]+1)s) < 1so r(O,([%]+1)s) > 1. This is a contradiction
since |%s| > A, and so, by homogenity, |t—s| — 0 as d(s,t) =+ 0. Now
pick >0 with [t—s| <6 for d(s,t) <. Then (3.1) readily yields that

(3.4) S)(t,(2C2) /e *) C S(t,€) C Sp(t, CTH ¥ ™) for e<bne.

Thus |- |- and d-topologies coincide so we have stochastic continuity, |- |-
boundeds are d-totally bounded, d is a metric, (T, d) is locally compact
and the Lebesgue measure is a Haar-measure on (T, d, +). Further it fol-
lows easily from (3.4), since S(¢,1)C S.((¢, A), that K;e2"/* < No, ()
< K™/ for €€(0,1] and K;z" < Ng_(1) < Kpz™ for z > xy, for some
Ky, K3,z9€(0,00). This proves (2.1), (2.26) and (using (3.1)) (2.27).
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